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Abstract
We identify Euclidean spaces Rn with the subspaces of the countable infinite product Rω. Then
the set
⋃
n∈NRn has two natural topologies, namely the weak topology (the direct limit) with respect
to the tower R1 ⊂ R2 ⊂ R3 ⊂ · · · and the relative topology inherited from the product topology of
Rω. We denote these spaces by R∞ and σ , respectively. Thus the bitopological space (R∞, σ ) is
obtained. Replacing R with the Hilbert cube Q = [−1,1]ω , we can define the bitopological space
(Q∞,Σ). In this paper, we give several characterizations of the bitopological manifolds modeled on
(R∞, σ ) or (Q∞,Σ), which are applied to bitopological groups, bitopological linear spaces, spaces
of measures, spaces of maps, hyperspaces, etc. Ó 2000 Elsevier Science B.V. All rights reserved.
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Introduction
Euclidean spaces Rn are naturally identified with the subspaces of the countable infinite
product Rω. Then, the set
⋃
n∈NRn has two natural topologies, namely the direct limit
topology with respect to the tower R1 ⊂R2 ⊂R3 ⊂ · · · and the relative topology inherited
from the product topology of Rω . These spaces are denoted by lim−→R
n and Rωf , or
simply by R∞ and σ , respectively. A bitopological space is a couple (X1,X2) of spaces
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with the same underlying set X(= X1 = X2) or a space X = (X, τ1, τ2) endowed two
topologies τ1 and τ2, where we denote Xτi = (X, τi), i = 1,2. A bitopological space
M = (M,w,m) is called an (R∞, σ )-manifold if the topology m is metrizable, m ⊂ w
and each point ofM has anm-open neighborhoodU with a bitopological open embedding
h : (U,w,m)→ (R∞, σ ), that is, h is not only an open embedding of Um into σ but also
an open embedding of Uw into R∞.
For example, the realization |K| of a simplicial complex K has two natural topologies,
namely the weak (or Whitehead) topology w and the metric topology m. A countable
simplicial complex is called a combinatorial ∞-manifold if the star of each vertex is
combinatorially equivalent to the countable infinite full simplicial complex (so-called∞-
simplex) [33]. Then it is known that |K| = (|K|,w,m) is an (R∞, σ )-manifold if and only
if K is a combinatorial∞-manifold [32,35,37].
Let Q = [−1,1]ω be the Hilbert cube. Similarly as above, we define Q∞ = lim−→Q
n
and Σ = Qωf . Then (Q∞,Σ)-manifolds can be defined in the same way. For (R∞, σ )-
or (Q∞,Σ)-manifolds, refer to [37]. Among results of [37], it should be remarked that
any R∞-manifold or any σ -manifold has the unique (R∞, σ )-manifold structure and any
Q∞-manifold or any Σ-manifold has the unique (Q∞,Σ)-manifold structure. The paper
[37] contains some errors, which have been corrected in a corrigendum to [37]. In this
paper, we detail corrections and give several characterizations of (R∞, σ )-manifolds and
(Q∞,Σ)-manifolds to apply in various situations: bitopological groups, bitopological
linear spaces, spaces of measures, spaces of maps, hyperspaces, etc. We divide the
paper into two parts. The first part is devoted to corrections of the paper [37] and to
characterizations of (R∞, σ )-manifolds and (Q∞,Σ)-manifolds. In the second part, we
give several applications of characterizations obtained in the first part.
Throughout the paper, an “ANR” means an ANR (Absolute Neighborhood Retract) for
metrizable spaces, otherwise it would be stated, and a “compactum” means a compact
metrizable space. The symbol ≈ means “is (bi)topologically equivalent to”.
1. Characterizations
In this section, we detail corrections of the paper [37] and give several characterizations
of (R∞, σ )-manifolds and (Q∞,Σ)-manifolds.
1.1. A counterexample and corrections to [37]
First of all, we give the right statement of the Main Theorem of [37]:
Main Theorem. Let Mi (i = 1,2) be bitopological spaces with two topologies τ i1 ⊂ τ i2
such that the identity id : (Mi, τ i2)→ (Mi, τ i1) is a fine homotopy equivalence, (Mi, τ i1) is
a σ -manifold and (Mi, τ i2) is an R∞-manifold (or (Mi, τ i1) is a Σ-manifold and (Mi, τ i2)
is a Q∞-manifold). If (M1, τ 11 ) and (M2, τ 21 ) have the same homotopy type, then there
exists a bitopological homeomorphism h :M1→M2 (i.e., h is a homeomorphism in both
topologies).
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In the Main Theorem of [37], we did not assume that the identity id : (Mi, τ i2)→ (Mi, τ i1)
is a fine homotopy equivalence. The following example shows that the theorem does not
hold without this condition.
Counterexample. Let (M1, τ 11 ) = (M2, τ 21 ) = [0,1]2 × σ and (M1, τ 12 )= [0,1]2 ×R∞.
The topology τ 22 on M2 is defined as follows: For each n ∈N, let
Xn = {0} × [0,1] ∪ [0,1] × {0,1} ∪
[ 1
n
,1
]× [0,1] ⊂ [0,1]2.
Then [0,1]2 = ⋃n∈NXn. We define (M2, τ 22 ) = lim−→Xn × R∞. Then (M2, τ 22 ) has the
homotopy type of the circle S1, hence it is homeomorphic to S1×R∞. Therefore (M2, τ 22 )
is not homeomorphic to (M1, τ 12 ).
The same example [0,1]2 =X =⋃n∈NXn shows that Lemma 2 in [37] is false, which
asserts that id : lim−→Xn → X is a fine homotopy equivalence if (Xn)n∈N is a tower of
compact ANRs in an ANR X and X =⋃n∈NXn. In the proof, the homotopy at line 2
on p. 241 is, in general, not contained in Xm−1. Then we cannot assert that rm|A˜m ∩Am−1
extends to a map r ′m−1 :Am−1→Xm−1.
The following is a substitute for the condition (∗) in Section 1 of [37]:
(#) M has two topologies τ1 ⊂ τ2 such that id : (M, τ2)→ (M, τ1) is a fine homotopy
equivalence, (M, τ1) is a σ -manifold and (M, τ2) is an R∞-manifold (or (M, τ1) is
a Σ-manifold and (M, τ2) is a Q∞-manifold).
In the condition (∗) before, it is not assumed that the identity id : (M, τ2)→ (M, τ1) is a
fine homotopy equivalence. And it was asserted in Corollary 6 of [37] that this follows
from the condition (∗), but it is false. Without changing the proof of [37, Lemma 3], we
have the following:
Key Lemma. Under the assumption (#), let A⊂ B ⊂M such that A is τ2-compact, B is
τ1-compact and finite-dimensional (there is no dimensional assumption in the (Q∞,Σ)-
case). Then, for any τ1-open cover U of M , id : (M, τ2)→ (M, τ1) has a U -homotopy
inverse h : (M, τ1)→ (M, τ2) such that h|A= id and h|B is an embedding.
The proof of Main Theorem is the same as [37], where Lemma 3 is replaced with the
above lemma.
To obtain the corollaries in [37], we need prove that every (R∞, σ )-manifold (or every
(Q∞,Σ)-manifold) satisfies the condition (#) above, that is,
Proposition 1. Let (M, τ2, τ1) be an (R∞, σ )-manifold (or a (Q∞,Σ)-manifold). Then
the identity id : (M, τ2)→ (M, τ1) is a fine homotopy equivalence.
To prove this proposition, we will generalize Haver’s result in [25] to ANRs for
stratifiable spaces. For stratifiable spaces and ANRs for stratifiable spaces, refer to [7]
and [8]. It is known that any ANR, any simplicial complexes with the weak topology, any
R∞-manifold and any Q∞-manifold are ANRs for stratifiable spaces.
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Proposition 2. Let X and Y be ANRs for stratifiable spaces. Then a map f :X→ Y is
a fine homotopy equivalence if and only if f is UV∞, that is, for each y ∈ Y and any
neighborhood U of y ∈ Y there exists a neighborhood V of y ∈ Y such that V ⊂ U and
f−1(V ) is contractible in f−1(U).
Proof. Our definition of UV∞-maps is different from Haver’s one. By adopting this
definition, Lemmas 2 and 3 in [25] are valid for any UV∞-maps without closedness. And
observe that Lemmas 1 and 3 in [25] are valid even if K is a locally finite-dimensional 2
simplicial complex with the weak topology. Then the “if” part can be proved as the same
as Theorem of [25] whose proof is based on the following properties on ANRs:
(1) each open cover U of an ANR has an open refinement V such that any two V-close
maps from an arbitrary space are U -homotopic;
(2) for any its open cover U , an ANR is U -homotopy dominated by a locally finite-
dimensional simplicial complex.
Since X and Y are ANRs for stratifiable spaces, they have these properties [8]. For (2),
one should note that each open cover of any paracompact space has a locally finite open
refinement whose nerve is locally finite-dimensional [16].
The “only if” part can be easily shown by using the regularity and the local
contractibility of Y . 2
Now we prove Proposition 1.
Proof of Proposition 1. If (M, τ2, τ1) is an (R∞, σ )-manifold (or a (Q∞,Σ)-manifold),
then each point x ∈M has an arbitrarily small τ1-neighborhood V such that both (V , τ1)
and (V , τ2) are contractible in itself. In fact, we can take V such that (V , τ1) and (V , τ2) are
respectively homeomorphic to σ (or Σ) and R∞ (or Q∞) by the same homeomorphism.
Thus Proposition 1 follows from Proposition 2. 2
Next, we restate corollaries obtained in [37] and give their proofs.
Corollary 1. Any R∞-manifold or any σ -manifold has the unique (R∞, σ )-manifold
structure and any Q∞-manifold or any Σ-manifold has the unique (Q∞,Σ)-manifold
structure.
Proof. By [34, Corollary 3 (respectively Corollary 3′)], any R∞-manifold or any σ -mani-
fold has an (R∞, σ )-manifold structure (respectively anyQ∞-manifold or anyΣ-manifold
has a (Q∞,Σ)-manifold structure). By the Main Theorem and Proposition 1, such a
structure is unique. 2
In the following corollaries, we assume the condition (#) above.
2 The star St(v,K) at each vertex v of K is finite-dimensional.
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Corollary 2 (Open Embedding Theorem). There exists a bitopological open embedding
h : (M, τ2, τ1)→ (R∞, σ ) (or h : (M, τ2, τ1)→ (Q∞,Σ)) (i.e., h is an open embedding in
both topologies). Hence, M is an (R∞, σ )-manifold (or a (Q∞,Σ)-manifold).
Proof. By Proposition 1 or 2, the restriction of id :R∞→ σ (or id :Q∞→Σ) to any open
set in σ (or Σ) is a fine homotopy equivalence. Then, by combining the Main Theorem
with the Open Embedding Theorem for σ -manifolds (or Σ-manifolds) [12], we have the
result. 2
Corollary 3 (Triangulation Theorem). There exists a simplicial complex K with a bito-
pological homeomorphism
h : (M, τ2, τ1)→
(|K|w, |K|m) (or h : (M, τ2, τ1)→ (|K|w ×Q, |K|m ×Q)),
whence K must be a combinatorial∞-manifold [33].
Proof. By [34, Corollary 2], we have a simplicial complex K such that (M, τ1) is
homeomorphic to |K|m (or |K|m ×Q). It follows from [35] that |K|w is an R∞-manifold
(or |K|w ×Q is a Q∞-manifold). Since id : |K|w→|K|m is a fine homotopy equivalence
[32], the result follows from the Main Theorem. 2
Corollary 4 (Stability Theorem). There exists a bitopological homeomorphism
h :
(
Mτ2 ×R∞,Mτ1 × σ
)→ (M, τ2, τ1)(
or h : (Mτ2 ×Q∞,Mτ1 ×Σ)→ (M, τ2, τ1)
)
.
Given a τ1-open cover U of M , h can be taken U -close to the projection.
Proof. By Proposition 2, id :Mτ2 × R∞ →Mτ1 × σ (or id :Mτ2 ×Q∞ →Mτ1 × Σ) is
a fine homotopy equivalence. We have the result by the Main Theorem and the Stability
Theorem for each manifolds. For the additional assertion, see the remarks in Section 3
of [37]. 2
A closed set A in a space X is called a Z-set if there are maps f :X→X \A arbitrarily
close to the identity.
Corollary 5 (Negligibility Theorem). If A is a Z-set in (M, τ1), then there exists a
bitopological homeomorphism h :M \ A→ M . Given a τ1-open cover U of M , h can
be taken U -close to the identity.
Proof. By Proposition 2, id : (M \ A,τ2)→ (M \A,τ1) is a fine homotopy equivalence.
Then A is also a Z-set in (M, τ2). The result follows from the Main Theorem and the
Negligibility Theorem for each manifolds. For the additional assertion, see the remarks in
Section 3 of [37]. 2
The following is Corollary 7 of [37] which follows from the proof of Main Theorem.
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Corollary 6 (Homeomorphism Extension Theorem). Let f :A→B be a homeomorphism
between τ2-compact sets in M . If f is homotopic to id in (M, τ1), then f extends to a
bitopological homeomorphism f˜ :M → M . Given a τ1-open cover U of M , if f is U -
homotopic to id, then f˜ can be taken U -close to id.
Remark. By virtue of Proposition 1, the revisions of the Main Theorem and Corollaries 2
and 4 still give the affirmative answers to the questions for (R∞, σ )-manifolds (or
(Q∞,Σ)-manifolds) corresponding to [22] (cf. [40]).
1.2. Characterization theorems
Throughout this section, we assume that a bitopological space M = (M,w,m) satisfies
the following conditions:
• The topologym is metrizable and m⊂w.
First, combining Proposition 1 (1′) in [34] and Proposition 1 in the previous section, we
have the following characterization which is a revision of [37, Proposition]:
Theorem 1. A bitopological space M is an (R∞, σ )-manifold (or a (Q∞,Σ)-manifold)
if and only if Mw is an R∞-manifold (or aQ∞-manifold), the identity map id :Mw→Mm
is a fine homotopy equivalence and every compactum in Mm is a strong Z-set.
Here a closed set A in a space X is called a strong Z-set if there are maps f :X→ X
arbitrarily close to the identity such that A ∩ clf (X) = ∅. Now, we shall modify this
characterization to apply in various situations.
Theorem 2. A bitopological spaceM is an (R∞, σ )-manifold (or a (Q∞,Σ)-manifold) if
and only if Mw is an R∞-manifold (or aQ∞-manifold),Mm is an ANR, every compactum
in Mm is a strong Z-set and
(a) for any open cover U of Mm, if C ⊂ Mm and D ⊂ Mw are compacta such that
D ⊂ C then there is a map f :C→Mw such that f |D = id and f is U -close to id.
Proof. Because of similarity, we only give the proof in the (R∞, σ )-manifold case. We
can write Mw = lim−→Xn, where X1 ⊂X2 ⊂ · · · are finite-dimensional compacta. Then the
condition (a) implies that the tower (Xn)n∈N has the mapping absorption property for
compacta in Mm (i.e., for any compactum C ⊂ X, n ∈ N and any open cover U of Xm,
there is a map f :C→Xm for some m> n such that f |C ∩Xn = id and f is U -close to
id), whence id :Mw→Mm is a fine homotopy equivalence by [37, Lemma 1]. Conversely,
if id :Mw→Mm is a fine homotopy equivalence then (a) is obviously satisfied. Thus the
result follows from Theorem 1. 2
Combining Theorem 2 with the characterization of R∞-manifolds and Q∞-manifolds,
we have the following:
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Theorem 3. A bitopological space M is an (R∞, σ )-manifold if and only if Mm is an
ANR, every compactum in Mm is a strong Z-set, Mw is the direct limit of a tower of finite-
dimensional compacta and
(b) for any open cover U of Mm and any pair (C,D) of finite-dimensional compacta,
if an embedding h :D→Mw extends to a map f :C→Mm then h extends to an
embedding h¯ :C→Mw which is U -close to f .
And M is a (Q∞,Σ)-manifold if and only if M satisfies the conditions above with the
phrase ‘finite-dimensional’ deleted.
Proof. Because of similarity, we only give the proof for the (R∞, σ )-manifold case.
To see the “only if” part, it suffices to show that an (R∞, σ )-manifold M satisfies the
condition (b). Let U be an open cover of Mm and (C,D) a pair of finite-dimensional
compacta. If an embedding h :D→Mw extends to a map f :C→Mm, then we have a
map g :f (C)→Mw such that g|h(D)= id and g is U -close to id by Theorem 2. By [31,
Lemma 1.5(a)], we have an embedding h¯ :C→Mw such that h¯|D = gf |D = h and h¯ is
U -close to gf , whence stU -close to f .
To see the “if” part, note that (b) implies (a). If M satisfies the conditions, then for
any pair (C,D) of finite-dimensional compacta, any embedding h :D→Mw extends to a
map f :N →Mm of a compact neighborhood N of D in C since Mm is an ANR. Then
h extends to an embedding h¯ :N →Mw by (b). Hence Mw is an R∞-manifold by [31,
Theorem 1.3(a)]. By Theorem 2, M is an (R∞, σ )-manifold. 2
Theorem 1 can be also modified as follows:
Theorem 4. A bitopological spaceM is an (R∞, σ )-manifold (or a (Q∞,Σ)-manifold) if
and only if Mw is an R∞-manifold (or aQ∞-manifold),Mm is an ANR, every compactum
in Mm is a strong Z-set and
(c) everym-neighborhoodU of each x ∈M contains anm-neighborhoodV of x which
is contractible in U in the both topologies w and m.
In the (R∞, σ )-manifold case, the condition that Mm is an ANR is not necessary.
Proof. To see the “only if” part, just observe that σ (or Σ) has an open base consisting of
contractible open sets which is also contractible in R∞ (or Q∞). The “if” part is shown
as follows: Condition (c) implies that id :Mw→Mm is UV∞, i.e., everym-neighborhood
U of each x ∈M contains an m-neighborhood V of x such that Vw is contractible in Uw .
Since Mw and Mm are ANRs for stratifiable spaces, id :Mw →Mm is a fine homotopy
equivalence by Proposition 2. Then it follows from Theorem 1 that M is an (R∞, σ )-
manifold (or a (Q∞,Σ)-manifold).
For the additional statement, one may observe that if Mw is an R∞-manifold then
(c) implies thatMm is an ANR. In fact, sinceMw is a countable union of finite-dimensional
compacta, so is Mm. Since Mm is locally contractible, it is an ANR by Haver’s Theo-
rem [24]. 2
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We say that M = (M,w,m) is bi-locally equi-connected (bi-LEC) if the diagonal
∆M ⊂ M × M has an m-neighborhood U (i.e., a neighborhood in the product space
Mm × Mm) with a bicontinuous 3 local equi-connecting function λ :U × [0,1] → M
(cf. [17]), that is,
λ(x, y,0)= x, λ(x, y,1)= y and λ(x, x, t)= x
for every (x, y) ∈ U and t ∈ [0,1].
It is easy to see that every bi-LEC bitopological space satisfies the condition (c). Remark
that the bitopological model spaces (R∞, σ ) and (Q∞,Σ) are bi-LEC.
Theorem 5. A bitopological space M is an (R∞, σ )-manifold (or a (Q∞,Σ)-manifold)
if and only if M is bi-LEC, Mw is an R∞-manifold (or a Q∞-manifold) and every
compactum in Mm is a strong Z-set.
Proof. Since the bitopological model spaces (R∞, σ ) and (Q∞,Σ) are bi-LEC, it follows
from the Open Embedding Theorem [37] that (R∞, σ )-manifolds and (Q∞,Σ)-manifolds
are also bi-LEC. Thus we have the “only if” part.
To prove the “if” part by applying Theorem 4, it suffices to show that Mm is an ANR.
Since Mw is an R∞-manifold (or a Q∞-manifold), Mw is the direct limit of a tower of
compact ANRs [31]. Hence Mm is the union of a tower of compact ANRs. Since Mm is
LEC, Mm is an ANR by Corollary 1′ of [30]. 2
Remark. In Theorems 1–5, the strong Z-set condition is essential since there exists a
bijective fine homotopy equivalence of R∞ to an AR which is not a σ -manifold [34, §4].
2. Applications
In this part, we consider applications of characterizations obtained in the previous part.
2.1. Bitopological groups and bitopological linear spaces
A group G equipped with two topologies w and m is called a bitopological group,
provided bothGw andGm are topological groups. Analogously we introduce the notion of
a bitopological linear space.
Corollary 2.1. A bitopological group G = (G,w,m) is an (R∞, σ )-manifold (respec-
tively a (Q∞,Σ)-manifold) if and only if the topology m is metrizable, m⊂ w, Gw is an
R∞-manifold (respectively a Q∞-manifold) and the unit e ∈ G has an m-neighborhood
V which is bicontractible in G, that is, there exists a bicontinuous contraction h :V ×
[0,1]→G (i.e., h0 = id and h1 is constant).
3 Bicontinuous = continuous in both topologies w and m.
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Proof. The “only if” part is rather trivial. We shall apply Theorem 5 to prove the “if” part.
Let V be an m-neighborhood of the unit e ∈ G and h :V × [0,1] → G a bicontinuous
contraction. Then the set
U = {(x, y) ∈G×G | y−1x ∈ V }
is an m-neighborhood of ∆G ⊂G×G. Then the map λ :U × [0,1]→G defined by
λ(x, y, t)= y·h(y−1x, t)·h(e, t)−1 for each (x, y) ∈ U and t ∈ [0,1],
is bicontinuous and satisfies the conditions: λ(x, y,0)= x , λ(x, y,1)= y and λ(x, x, t)=
x . Hence G is bi-LEC. It remains to show that every compactum in Mm is a strong
Z-set. Evidently the group Gm is infinite-dimensional. Then Gm satisfies the discrete
approximation property by [15, Proposition 2]. As remarked in the proof of Theorem 5,
since Gm is LEC, the fact that Gw is an R∞-manifold or a Q∞-manifold implies that Gm
is an ANR. It follows from [6, Corollary 1.8] that every compactum in Gm is a strong
Z-set. 2
The first author has proved in [2] that every algebraically infinite-dimensional topolog-
ical linear space which is the direct limit of a tower of finite-dimensional compacta is
homeomorphic to R∞. Then Corollary 2.1 yields the following:
Corollary 2.2. A bitopological linear space L= (L,w,m) is homeomorphic to (R∞, σ )
if and only if L is algebraically infinite-dimensional, the topologym is metrizable, m⊂w
and Lw is the direct limit of a tower of finite-dimensional compacta.
Recall that the finite topology on a linear space L is the finest (maximal) topology
generating the Euclidean topology on each finite-dimensional linear subspace of L [26]
(cf. [18, Appendix One]). One should note that if L has a uncountable Hamel basis then L
with the finite topology is not a topological linear space, but if L has a countable Hamel
basis then L with the finite topology is a locally convex topological linear space [26]. By
using Corollary 2.2, we can obtain the following:
Corollary 2.3. Let L be a metrizable linear topological space and w the finite topology
on L. Then, (Lw,L)≈ (R∞, σ ) if and only if the linear space L is ℵ0-dimensional (i.e., L
has a countably infinite Hamel basis).
Proof. Evidently, if L has a countable Hamel basis then the topological space Lw can be
expressed as the direct limit of a tower of finite-dimensional compacta. Conversely, if Lw
is the direct limit of a tower of finite-dimensional compacta then L has a countable Hamel
basis since each compactum in Lw is contained in some finite-dimensional linear subspace
of L (cf. [18, Appendix One]). Therefore, the result follows from Corollary 2.2. 2
2.2. Bitopological spaces of maps
In this section, we give two natural examples of bitopological spaces of maps. One is
the space of Lipschitz maps from a metric compactum to an absolute neighborhood LIP
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extensor (ANLE), where an ANLE is a metric space Y such that if each LIP (= locally
Lipschitz) map from a closed set A in an arbitrary metric space Z to Y can be extended
to an LIP map over a neighborhood of A in Z. The other is the space of PL maps from a
compact polyhedron to an open set in R`.
Let X = (X,dX) be an infinite metric compactum and Y = (Y, dY ) a separable locally
compact ANLE without isolated points. We assume the following condition:
(]) each point of Y has a neighborhood V with a map γ :V × [0,1] → Y and k > 1
such that γ (y,0)= y and
k−1·|t − t ′|6 dY
(
γ (y, t), γ (y, t ′)
)
6 k·|t − t ′|
for each y ∈ V and t, t ′ ∈ [0,1].
One should note that every Lipschitz n-manifold (n > 0) and every Euclidean polyhedron
without isolated points satisfy the condition (]) above (cf. [38]). Let LIP(X,Y ) be the space
of all Lipschitz maps from X to Y with the sup-metric, i.e., the compact-open topology.
The Lipschitz constant for f ∈ LIP(X,Y ) is denoted by lipf . When lipf 6 k, f is said to
be k-Lipschitz. Besides the compact-open topology, LIP(X,Y ) has the natural topology w
generated by sets
N(f,α)= {g ∈ LIP(X,Y ) | d(f,g) < α(lipg)},
where f ∈ LIP(X,Y ) and α : [0,∞)→ (0,∞) is continuous. Then, as observed in [38],
LIP(X,Y )w is just the direct limit of the tower
1-LIP(X,Y )⊂ 2-LIP(X,Y )⊂ 3-LIP(X,Y )⊂ · · · ,
where n-LIP(X,Y ) = {f ∈ LIP(X,Y ) | lipf 6 n}. It is known that LIP(X,Y ) is a Σ-
manifold [36] (cf. [39]) 4 and that LIP(X,Y )w is a Q∞-manifold [38]. The following is
asserted in [38, p. 9] by applying the main theorem of [37] which is not correct (see §1).
Then we give the proof.
Corollary 2.4. In the above setting, the bitopological space (LIP(X,Y )w,LIP(X,Y )) is a
(Q∞,Σ)-manifold.
Proof. To apply Theorem 2, it suffices to show that (LIP(X,Y )w,LIP(X,Y )) satisfies the
condition (a). Let dˆY denote the sup-metric of LIP(X,Y ) defined by the metric dY of Y .
Let ε > 0 and let C ⊂ LIP(X,Y ) and D ⊂ LIP(X,Y )w be compacta such that D ⊂ C. We
consider that C ×X is a metric space with the metric
d
(
(f, x), (f ′, x ′)
)= dˆY (f, f ′)+ dX(x, x ′).
Let ev :C × X→ Y be the evaluation, that is, ev(f, x) = f (x). Since D ⊂ k-LIP(X,Y )
for some k > 1, ev|D ×X is k-Lipschitz. By [29, Theorem 4.11] (cf. [36, Remark]), we
have an LIP map ψ :C ×X→ Y such that ψ|D ×X = ev|D ×X and ψ is ε-close to ev.
Since C ×X is compact, ψ is Lipschitz, whence ψ is `-Lipschitz for some ` > k. Then
4 This is proved under a little weaker condition than (]).
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ψ induces the map ϕ :C→ `-LIP(X,Y ) defined by ϕ(f )(x)=ψ(f,x), whence ϕ|D = id
and ϕ is ε-close to id. 2
Let K be a finite simplicial complex with dimK > 0 and V be an open set in R`. By
PL(K,V ), we denote the space of all PL maps from |K| to V with the compact-open
topology. It is known that PL(K,V ) is a σ -manifold [22]. For each n ∈N, let PLn(K,V )
be the subspace of PL(K,V ) consisting of all map which are linear on each simplex of
some nth derived subdivision of K . Then each PLn(K,V ) is closed in PL(K,V ) and
PL(K,V )=
⋃
n∈N
PLn(K,V ).
In fact, each f ∈ PL(K,V ) is linear on each simplex of some subdivision K ′ of K and
K ′ is subdivided by some derived subdivision of K (e.g., see [23, Chapter I]), whence
f ∈ PLn(K,V ) for some n ∈N. The weak topology of PL(K,V ) with respect to the tower
PL1(K,V )⊂ PL2(K,V )⊂ PL3(K,V )⊂ · · ·
is denote by w, that is, PL(K,V )w = lim−→PLn(K,V ). One should note that every nth
derived subdivision of K is naturally isomorphic to the nth barycentric subdivision SdnK .
Let BPL(K,V ) be the subspace of PL(K,V ) consisting of all maps which are linear
on each simplex of some barycentric subdivision of K . Then BPL(K,V ) is also a σ -
manifold [22]. For each n ∈ N, BPLn(K,V ) be the subspace of BPL(K,V ) consisting of
all map which are linear on each simplex of the nth barycentric subdivision SdnK of K .
Since
BPLn(K,V )= BPL(K,V )∩ PLn(K,V ) for each n ∈N,
it follows that BPL(K,V )w = lim−→BPLn(K,V ).
Corollary 2.5. In the above setting, the bitopological spaces(
PL(K,V )w,PL(K,V )
)
and
(
BPL(K,V )w,BPL(K,V )
)
are (R∞, σ )-manifolds.
Proof. Because of similarity, we prove only the PL case (the BPL case is much easier).
Obviously, PL(K,V ) is an open subspace of PL(K,R`). Moreover, PL(K,V )w is an open
subspace of PL(K,R`)w = lim−→PLn(K,R
`). Thus it suffices to show the case V = R`. In
this case, PL(K,R`) is an ℵ0-dimensional linear space. As is easily observed,
PL(K,R`)w = lim−→PLn
(
K, [−n,n]`).
Then each PLn(K, [−n,n]`) is compact. To obtain (PL(K,V )w,PL(K,V ))≈ (R∞, σ ) by
applying Corollary 2.2, it remains to show that dim PLn(K, [−n,n]`) <∞ for each n ∈N.
Let Pol(|K| × [−n,n]`) be the hyperspace of subpolyhedra of |K| × [−n,n]` with
Vietoris topology (i.e., the topology induced by Hausdorff metric). Then we have the
embedding
Γ : PL
(|K|, [−n,n]`)→ Pol(|K| × [−n,n]`)
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which assigns each f ∈ PL(|K|, [−n,n]`) to its graph Γ (f ). For each A ∈ Pol(|K| ×
[−n,n]`), let
m(A)=min{cardL(0) | L is a triangulation of A}.
If L1 and L2 are triangulations of the same A ∈ Pol(|K| × [−n,n]`), then cardL(0)1 =
cardL(0)2 =m(A) implies L(0)1 = L(0)2 . Hence, by assigning each A ∈ Pol(|K| × [−n,n]`)
to the 0-skeleton ϕ(A) = L(0) of a triangulation L of A with cardL(0) = m(A), we can
define a correspondence
ϕ : Pol
(|K| × [−n,n]`)→ F(|K| × [−n,n]`),
where F(|K| × [−n,n]`) is the hyperspace of non-empty finite subsets of |K| × [−n,n]`
which is a subspace of Pol(|K| × [−n,n]`). One should remark that this ϕ is not
continuous. However, as is easily observed, the restriction of ϕ on each of the following
sets is continuous:
Pi =
{
A ∈ Pol(|K| × [−n,n]`) |m(A)= i}.
For each i ∈ N, ϕ(Pi ) ⊂ Fi (|K| × [−n,n]`), where Fi (|K| × [−n,n]`) is the subspace
of F(|K| × [−n,n]`) consisting of all sets F with at most i points. Notice that
Fi (|K| × [−n,n]`) is finite-dimensional. Observe that for each F ∈ Fi (|K| × [−n,n]`),
dimϕ−1(F ) = 0 because ϕ−1(F ) is a finite set. Since Pol(|K| × [−n,n]`) is σ -compact
and each P1 ∪ · · · ∪ Pi is closed in Pol(|K| × [−n,n]`), it follows that each Pi is σ -
compact. By using the theorem on dimension-lowering mappings [19, 1.12.4] and the Sum
Theorem of Dimension [19, 1.5.3], we can see that
dimPi 6 dimFi
(|K| × [−n,n]`)<∞ for each i ∈N.
Again by the sum theorem of dimension, eachP1∪· · ·∪Pi is finite-dimensional. Evidently,
each Γ (PLn(|K|, [−n,n]`)) is contained in some P1 ∪ · · · ∪ Pi . Consequently, we have
dim PLn(K, [−n,n]`) <∞. This completes the proof. 2
Question 1. Let |L| be the polyhedron of a (locally finite) countable simplicial complex
L without isolated points. In Corollary 2.5, can V be replaced by |L|?
2.3. Bitopological spaces of measures
In this section, we consider an example of bitopological spaces naturally appearing
in measure theory. For a compactum X, we denote by P(X) the space of probability
measures on X and by Pω(X) its subspace consisting of all probability measures with
finite supports (see [20]). The space Pω(X) can be naturally expressed as the countable
union Pω(X)=⋃n∈N Pn(X), where
Pn(X)=
{
µ ∈ P(X) | card suppµ6 n}.
Let P∞(X) = lim−→Pn(X) be the direct limit of the tower P1(X) ⊂ P2(X) ⊂ P3(X) ⊂ · · ·.
Thus we have the bitopological space (P∞(X),Pω(X)) of all probability measures on X
with finite supports.
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It is worth to remark that the space P∞(X) can be considered as the free convex set
over the compactum X, that is, any continuous map f :X→ C into a convex set in a
topological linear space has the unique continuous affine extension f¯ :P∞(X)→ C. On
the other hand, Pω(X) is the locally convex free convex set over X, that is, any continuous
map f :X→ C into a convex set in a locally convex linear topological space has the unique
continuous affine extension f¯ :Pω(X)→C.
It is known that Pω(X) ≈ σ and P∞(X) ≈ R∞ for any finite-dimensional infinite
compactum X, and that Pω(X)≈Σ if X is a compactum containing a Hilbert cube 5 (see
[1,41], [20, Theorem 3.17] and [42]). Evidently, the bitopological space (P∞(X),Pω(X))
is bi-LEC. By Theorem 5, we can unify the results of [1,42] as follows:
Corollary 2.6. For every finite-dimensional infinite compactum X,(
P∞(X),Pω(X)
)≈ (R∞, σ ).
We can also prove the following:
Corollary 2.7. For every compact ANR X containing a Hilbert cube,(
P∞(X),Pω(X)
)≈ (Q∞,Σ).
Proof. By the above arguments, it remains to prove P∞(X) ≈ Q∞. Since P∞(X) =
lim−→Pn(X) is the direct limit of a tower of compacta, to apply the characterization of
Q∞ in [31], it suffices to prove that for every compact pair (A,B) with B ⊂ A, any
embedding e :B → P∞(X) can be extended to an embedding e¯ :A→ P∞(X). Since B
is compact, e(B) ⊂ Pn(X) for some n ∈ N. It follows from [5] that Pn(X) is an ANR.
Hence e extends to a map f :U → Pn(X) from some open neighborhood U of B in A.
Let λ :A→ [0,1] be a map with λ−1(0) = B and λ−1(1) = A \ U . Since X contains a
Hilbert cube, there is an embedding pi :A× {1, . . . , n+ 1}→X. It is easily seen that the
map e¯ :A→ P2n+1(X)⊂ P∞(X) defined by
e¯(a)= (1− λ(a))f (a)+ λ(a)
n+ 1
n+1∑
i=1
δpi(a,i)
is the required embedding extending the embedding e, where δx is the Dirac measure
supported by the point x . 2
Remark 1. In spite of absence of ANR-restrictions onto X in Corollary 2.6, the condition
on X to be an ANR is essential in Corollary 2.7. This is shown by using the example
of a compactum X such that P∞(X) is not an absolute extensor for compacta (see [9,
10]). For the discrete sum X tQ, the space P∞(X tQ) is not an absolute extensor for
compacta (since P∞(X) is a retract in P∞(X tQ)), and hence, P∞(X tQ) cannot be
homeomorphic to Q∞. In the meantime, since X tQ contains a Hilbert cube, the space
5 In fact, it suffices to assume that Pω(X) contains a Hilbert cube.
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Pω(X) is homeomorphic to Σ . In the light of this counterexample, it is interesting to
notice also that for every compactum X, the space P∞(X) is an absolute extensor for
finite-dimensional compacta.
In light of Corollaries 2.6 and 2.7, the following is interesting.
Proposition 2.8. For any two compacta X and Y , P∞(X) ≈ P∞(Y ) implies Pω(X) ≈
Pω(Y ).
Proof. This fact follows from a result of Cauty in [11, §10] (cf. [3, §5.6, Ex. 10]), that
is, for every separable metrizable space X, the space Pω(X) is absorbing for the class⋃
n∈NF0(Pn(X)) of spaces homeomorphic to closed subsets of Pn(X)’s. Let h :P∞(X)→
P∞(Y ) be a homeomorphism. By compactness, for every n ∈ N, the image h(Pn(X)) lies
in some Pm(Y ) and the preimage h−1(Pn(Y )) lies in some Pm(X). This implies that⋃
n∈N
F0
(
Pn(X)
)=⋃
n∈N
F0
(
Pn(Y )
)
,
and hence the spaces Pω(X) and Pω(Y ) are absorbing for the same class. By the uniqueness
of absorbing spaces [3, 1.6.3], we have Pω(X)≈ Pω(Y ). 2
Remark 2. The converse of the above is not true, that is, there exist compacta X and Y
such that Pω(X)≈ Pω(Y ) but P∞(X) 6≈ P∞(Y ). For example, let X be any infinite finite-
dimensional compactum and Y be an infinite-dimensional strongly countable-dimensional
compactum. Then, according to [20, Theorem 3.17], the spaces Pω(X) and Pω(Y ) are
homeomorphic to σ . On the other hand, P∞(X) is homeomorphic to R∞ by [41].
But P∞(Y ) is not homeomorphic to R∞ because it contains an infinite-dimensional
compactum homeomorphic to Y .
Question 2. For compacta X and Y , does P∞(X) ≈ P∞(Y ) imply (P∞(X),Pω(X)) ≈
(P∞(Y ),Pω(Y ))?
2.4. Bitopological free linear spaces
Since we have recalled free convex sets in the previous section, let us now consider also
free linear spaces. The free linear topological space L(X) over a compactum X can be
realized as follows: Let C(X) be the Banach space of all continuous real functions on X
equipped with the sup-norm. By the classical Riesz Theorem, the dual M(X) of C(X)
coincides with the space of all regular Borel measures on X. Sending every point x ∈X to
the Dirac measure δx ∈M(X) supported by the point x , we obtain the natural embedding
δ :X→M(X), which is topological with respect to the weak-∗ topology of M(X). Now
consider the linear span L(X) of the set δ(X) in M(X). Obviously L(X)=⋃n∈NLn(X),
where
Ln(X)=
{
n∑
i=1
ti δxi
∣∣∣ xi ∈X, n∑
i=1
|ti |6 n
}
.
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Note that every Ln(X) is weak-∗ compact. The free topological linear space over X is the
spaceL(X) with the weak topology with respect to the towerL1(X)⊂ L2(X)⊂ L3(X) · · ·,
namely L(X) = lim−→Ln(X). In fact, any continuous map f :X→ E into a topological
linear space has the unique continuous linear extension f¯ :L(X)→E defined by
f¯
(
n∑
i=1
tiδxi
)
=
n∑
i=1
tif (xi).
For every metric d on the compactum X, Kantorovich and Rubinshtein [27] (cf. [20,
§3]) have defined the norm ‖ · ‖d on L(X) which generates the original weak-∗ topology
on each Ln(X), and which induces the metric d on X. Refer the formula (3.7) in [20]
which gives the definition of the metric induced by ‖ · ‖d . We denote by Ld(X) the
corresponding normed space (L(X),‖ · ‖d ). Thus we have the natural bitopological linear
space (L(X),Ld(X)).
It follows from the Basmanov’s results [5] that if X is a finite-dimensional compactum
(or an ANR) then so are the spaces Ln(X), n ∈N. Hence, Corollary 2.2 implies
Corollary 2.9. For every finite-dimensional infinite metric compactum X= (X,d),(
L(X),Ld(X)
)≈ (R∞, σ ).
Repeating the proof of Corollary 2.6 and applying Corollary 2.2, we obtain
Corollary 2.10. For every compact metric ANR X = (X,d) containing a Hilbert cube,(
L(X),Ld(X)
)≈ (Q∞,Σ).
2.5. Hyperspaces and free topological semilattices
For a space X, we denote by F(X) the hyperspace of all non-empty finite subsets of X
equipped with the Vietoris topology, whose open base consists of the sets
〈U1, . . . ,Un〉 =
{
A ∈ F(X)
∣∣∣A⊂ n⋃
i=1
Ui, A∩Ui 6= ∅ for 16 i 6 n
}
,
where n ∈N and U1, . . . ,Un are open in X. In case X is metrizable, if d is an admissible
metric on X then the Vietoris topology on F(X) is generated by the Hausdorff metric dH
defined by
dH (A,B)=max
{
d(a,B), d(b,A) | a ∈A, b ∈ B},
where d(a,B) = min{d(a, b) | b ∈ B}. Besides the Vietoris topology, F(X) has another
natural topology, namely the weak topology with respect to the tower
F1(X)⊂ F2(X)⊂ F3(X)⊂ · · · ,
where Fn(X) is the closed subspace in F(X) consisting of all subsets of at most n points.
The space F(X) equipped with this topology is denoted by F∞(X), which is none other
than the direct limit lim−→Fn(X). Thus, for every topological space X, we have defined the
bitopological space (F∞(X),F(X)).
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Remark that the hyperspaces F(X) and F∞(X) possess a natural semilattice operation—
the operation ∪ of union of (finite) subsets. Actually, the hyperspace F(X) endowed with
this operation is a free Lawson semilattice over an arbitrary topological space X, whereas
F∞(X) is a free topological semilattice over any kω-space X, see [4]. Let us recall that
a Hausdorff space X is a kω-space if X has the weak topology with respect to a tower
X1 ⊂X2 ⊂ · · · of compact subsets with X=⋃∞n=1Xn, that is, X = lim−→Xn.
Theorem 2.11. The bitopological space (F∞(X),F(X)) is an (R∞, σ )-manifolds (respec-
tively a (Q∞,Σ)-manifold) if and only if X is metrizable and F∞(X) is an R∞-manifold
(respectively a Q∞-manifold).
Proof. The “only if” part is trivial. Because of similarity, we only prove the “if” part for
the R∞-manifold case. Suppose that X is metrizable and F∞(X) is an R∞-manifold. We
claim that X is locally compact and locally connected. Indeed, since X is homeomorphic
to the closed set F1(X) in the kω-space F∞(X), X is a kω-space and, being metrizable,
is locally compact, see [21]. To see local connectedness of X, fix any point x ∈ X and
take any compact neighborhood K of x in X. Since F∞(X) is an R∞-manifold, the set
K ⊂ X = F1(X) ⊂ F∞(X) lies in a locally connected compactum M ⊂ F∞(X), which
is regarded as a subspace of F(X) by compactness. According to Lemma 2.2 of [14], the
union M =⋃M⊂X is compact and locally connected. From M ⊃K , it follows that X
is locally connected.
Now, we are going to show that for every connected open set U in X, 〈U〉 is contractible
(in itself) with respect to both topologies of F(X) and F∞(X), namely the spaces F(U) and
F∞(U) are contractible. Since U is a completely metrizable locally connected space, U is
locally path-connected by Theorem of Mazurkiewicz–Moore–Menger, see [28, §50]. Thus,
U is a connected locally path-connected metrizable space. By Lemma 3.6 of [14], F(U)
is an AR and consequently, F(U) is contractible. The space F∞(U)= 〈U〉, being an open
subspace of an R∞-manifold F∞(X), has the homotopy type of a CW-complex. Hence, to
show that F∞(U) is contractible, it suffices to verify that all homotopy groups pin(F∞(U))
vanish. For n > 1, this follows from Lemma 3.3 of [14]. Indeed, if f :Sn→ F∞(U) is a
map of the n-sphere Sn, then, by its compactness, f (Sn)⊂ Fm(X) for somem. By Lemma
3.3 of [14], we have a map r :Bn+1→ F3(Sn) of the (n+1)-ball Bn+1 such that r(b)= {b}
for every b ∈ Sn. Then f can be extended to the map
f¯ :Bn+1→ F3m(X)⊂ F∞(X)
defined by
f¯ (b)=
⋃
x∈r(b)
f (x) for b ∈ Bn+1.
Thus pin(F∞(U)) = 0 for every n > 1. The equality pi0(F∞(U)) = 0 follows from the
connectedness of the R∞-manifold F∞(U) (remark that F∞(U)=⋃∞n=1 Fn(U) and each
Fn(U) is connected as the continuous image of the connected space Un, the nth power
of U ).
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To prove that (F∞(X),F(X)) is an (R∞, σ )-manifold, we will apply Theorem 4. Fix any
A ∈ F(X) and a neighborhood U of A in F(X). Write A= {a1, . . . , an}, where ai 6= aj if
i 6= j . Since X is locally connected, the points a1, . . . , an have pairwise disjoint connected
open neighborhoods U1, . . . ,Un ⊂X so that 〈U1, . . . ,Un〉 ⊂ U . Then we have the natural
bitopological homeomorphism from the product 〈U1〉 × · · · × 〈Un〉 onto 〈U1, . . . ,Un〉
defined by the union. As we have already proved, each 〈Ui〉 is contractible with respect
to both topologies of F(X) and F∞(X). Then the neighborhood 〈U1, . . . ,Un〉 ⊂ U is also
contractible with respect to both topologies.
Moreover, since each F(Ui) is an AR, 〈U1, . . . ,Un〉 ≈ F(U1)× · · · × F(Un) is also an
AR. According to Proposition 7.3 of [13], any compact set in each F(Ui) is a strong Z-
set in F(Ui). Then any compact set in the product F(U1) × · · · × F(Un) is also a strong
Z-set, see [3, §1.4, Ex. 14]. Using the fact that 〈U1, . . . ,Un〉 ≈ F(U1)× · · · × F(Un) and
applying Corollary 1.6 of [6], we can conclude that any closed locally compact subset of
〈U1, . . . ,Un〉 is a strong Z-set.
Remark that F(X) is an ANR because it admits an open cover U consisting of AR’s
of the form 〈U1, . . . ,Un〉, where n ∈ N and U1, . . . ,Un are pairwise disjoint connected
open sets in X. Using the fact that closed locally compact sets of 〈U1, . . . ,Un〉’s are strong
Z-sets and applying Corollary 1.5 of [6], we can conclude that any compact set of F(X) is
a strong Z-set in F(X). Now, it is legal to apply Theorem 4 to assert that (F∞(X),F(X))
is an (R∞, σ )-manifold. 2
Corollary 2.12. The bitopological space (F∞(X),F(X)) is an (R∞, σ )-manifold (home-
omorphic to (R∞, σ )) if and only if X is a (connected), locally connected, locally finite-
dimensional and locally compact metrizable space without isolated points.
Proof. First, assume (F∞(X),F(X)) is an (R∞, σ )-manifold. Since F(X) is a σ -mani-
fold, X is metrizable. As we saw in the proof of Theorem 2.11, X is locally compact and
locally connected. Since X can be regarded as the closed set F1(X) of the R∞-manifold
F∞(X), it can be written as the direct limit X = lim−→Xn of a tower X1 ⊂X2 ⊂ · · · of finite-
dimensional compacta. Since X is locally compact and each compact subset of X lies in
some Xn, it follows that X is locally finite-dimensional. Thus X is a locally connected,
locally compact, locally finite-dimensional metrizable space. Moreover, X contains no
isolated points. Otherwise F(X) would contain an isolated point what is impossible for
σ -manifolds. If (F∞(X),F(X)) ≈ (R∞, σ ), then X is connected. Otherwise F(X) would
be disconnected. Thus the “only if” part has been proved.
Now, suppose X is a (connected) locally connected, locally compact, locally finite-
dimensional metrizable space without isolated points. Then every compact subset of X
is contained in a finite-dimensional locally connected compact metrizable subset of X.
The space X, being locally compact, is a kω-space. Then, it follows from Theorem 1
of [4] that F∞(X) is an R∞-manifold (homeomorphic to R∞). Hence, by Theorem 2.11,
(F∞(X),F(X)) is an (R∞, σ )-manifold. If F∞(X) ≈ R∞ then (F∞(X),F(X)) ≈
(R∞, σ ) according to Corollary 1. 2
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By Theorem 2 of [4], the free topological semilattice F∞(M) of any (connected)
Q-manifold is a Q∞-manifold (homeomorphic to Q∞). Combining this fact with
Theorem 2.11, we have the following
Corollary 2.13. For every (connected) Q-manifold X, (F∞(X),F(X)) is a (Q∞,Σ)-
manifold (homeomorphic to (Q∞,Σ)).
According to Theorem 2.11, for metrizable spaces X and Y , if the free topological
semilattices F∞(X) and F∞(Y ) are homeomorphic R∞- or Q∞-manifolds, then the free
Lawson semilattices F(X) and F(Y ) are homeomorphic. In this context, the following
question is natural (cf. Remarks 1 and 2).
Question 3. Do there exist Peano continua X and Y with the following properties?
(a) F∞(X)≈ F∞(Y ) but F(X) 6≈ F(Y ), or
(b) F∞(X)≈ F∞(Y ), F(X)≈ F(Y ) but (F∞(X),F(X)) 6≈ (F∞(Y ),F(Y )).
Remark 3. There exist Peano continua X and Y such that F(X) ≈ F(Y ) but F∞(X) 6≈
F∞(Y ). Indeed, letX be any finite-dimensional nondegenerate Peano continuum and Y any
infinite-dimensional strongly countable-dimensional Peano continuum. Then both F(X)
and F(Y ) are homeomorphic to σ by [14]. On the other hand, F∞(X) ≈ R∞ by [4]. But
F∞(Y ) 6≈R∞ because F∞(Y ) contains an infinite-dimensional compactum Y . In this case,
it should also remarked that F∞(X)≈ F∞(R∞)≈R∞ by [4] but F(X) 6≈ F(R∞) because
F(X) is metrizable but F(R∞) is not.
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